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We explore the idea of a network of domain walls to appear at the surface of a soliton star. We 
show that for a suitable fine tuning among the parameters of the model we can find localized fermion 
zero modes only on the network of domain walls. In this scenario the soliton star gets unstable and 
decays into free particles before the cold matter upper mass limit is achieved. However, if fermions 
do not bind to the network of domain walls, the network becomes neutral, imposing a new lower 
bound on the charge of the soliton star, slightly raising its critical mass. 

PACS numbers: 11.27.+d, 11.30.Er, 97.10. Cv 



I. INTRODUCTION 

According to general relativity, if a star has sufficiently 
small mass, it can reach final equilibrium as white dwarf 
or a neutron star. On the other hand, if the mass of 
the collapsing portion of a star is greater than the cold 
matter upper mass limit M c , the equilibrium can never be 
achieved and complete gravitational collapse will occur. 
Usually, the final stage of such collapse is the formation 
of a black role. For normal matter, the mass limit M c 
is approximately equals to five solar masses M@ (at zero 
angular momentum) 

In the context of soliton stars it is possible to have ob- 
jects with much more large mass without gravitational 
collapse. The subject of soliton stars has been intro- 
duced in Ref. H (See also fifi). They are new types of 
cold stable stellar configuration, and depending on the 
theory one may have M c ~ 1O 15 M . Recently one 
has used soliton star models in order to explain current 
observational data, which favor the possible existence of 
a single supermassive object at the center of our galaxy, 
other than a supermassive black hole. 

In this paper we investigate how the structure of a 
soliton star can be affected by the entrapment of an- 
other object on its surface. The idea that we explore is 
similar to the case of lower dimensional domain walls liv- 
ing inside domain walls ||7|-|T3|, which is inspired by the 
mechanism used to build superconducting cosmic strings 
JbH . The basic mechanism consists in the formation of 
a scalar condensate due to the spontaneous symmetry 
breaking of a scalar field, invariant under U(X) gauge 
symmetry, confined to the cosmic string. In the context 
of brane world scenarios renewed recently in [ p^lf^ ] (see 
also 0,|l8| for earlier ideas related to this topic), one 
assumes that the fields describing the fundamental parti- 



cles, except the graviton (see Ref. jl9| for trapping of the 
graviton; see also Ref. [£0| and references therein for in- 
vestigations in supergravity), are confined to a 3-brane (a 
four-dimensional manifold describing our universe) em- 
bedded in a higher dimensional spacetime. The scalar 
fields that live in the 3-brane can also generate a scalar 
condensate by spontaneous symmetry breaking of some 
discrete symmetry. When a discrete symmetry is spon- 
taneously broken, for instance a Z2 symmetry, a domain 
wall can form inside the 3-brane pl| . For other Zn sym- 
metries, with N > 2 we have the possibility of having 
intersection of domain walls forming junctions, and then 
a network of domain walls. 

In order to investigate the entrapment of a network of 
domain walls by a soliton star, we consider the possibil- 
ity of a spherical (2^]2^] two-dimensional wall to entrap 
wall segments that form a network. This possibility may 
give rise to a network of domain walls |24|j25| ] to live at 
the surface of a standard soliton star [pTT We examine 
this idea starting with an appropriate model, described 
by three real scalar fields, introduced according to the 
lines of Ref. |25[ . The model comprises several parame- 
ters, and below we show that depending on the type of 
fine tuning used to adjust these parameters, we can pro- 
duce either heavier soliton stars or instability that will 
ultimately induce their complete decay. 

Our work is organized as follows. In Sec. |n|we present 
the model and we investigate the entrapment of the net- 
work of domain walls. In Sec. Ill we study in detail the 
presence of localized zero modes on the network and its 
consequences. Comments and conclusions are given in 
Sec. which closes our work. Our notation is stan- 
dard, and we use dimensional units such that h = c=l, 
and metric tensor with signature (H ). 
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II. THE MODEL 

In Ref. |25| we have investigated the possibility of a 
domain wall to entrap a network of domain walls. This 
investigation was inspired in Ref. |24|], which have dealt 
with the idea of building a planar network of domain 
walls. The model there investigated engenders the Z% 
symmetry, which is the simplest symmetry that allows 
the presence of junctions of domain walls. The presence 
of triple junctions in supersymmetric models engender- 
ing the symmetry were investigated in Refs. g9| , 
with several distinct motivations. For instance, the basic 
idea of Ref. J2(| was to present Bogomol'nyi equation for 
the triple junction, showing that the planar junction of 
domain walls only preserves 1/4 supersymmetry of the 
model, which is in contrast with the case of a single do- 
main wall, which is known to preserve 1/2 supersymme- 
try of the corresponding model. 

The presence of planar triple junctions may allow the 
tiling of the plane with a regular hexagonal network, and 
this issue was further examined in Ref. psfl , and also 
in [EMEM. See Refs. GCMMI], for several other issues re- 



lated to this subject. As one knows, the most efficient 
way to tile the plane with regular polygons is obtained 
by the regular hexagonal network, and this brings the 
Z$ symmetry as the preferable symmetry, among many 
other possibilities. Very interestingly, the Z% symmetry 
also appears as the center of the SU(3) group, which 
governs the symmetry of QCD, the field theory that de- 
scribes strong interactions; see, e.g., Ref. |35|] and ref- 
erences therein for recent investigations on this subject. 
The interest in walls and in wall junctions widens when 
one recalls that the low energy world volume dynamics of 
branes in string/M-theory may be described by standard 
models in field theory |3q-|4C|l- Furthermore, this inter- 
est goes beyond the context of high energy physics: For 
instance, it also appears in ferroelectric materials where 
walls and wall junctions spring as stable structures in 
many different ferroelectric crystals . 

The underlying symmetry of the standard model of 
elementary particles contains the SU(2) x SU(3) group, 
and this is the basic inspiration to consider a model that 
engenders the Z2 x Z3 symmetry, that is, the discrete 
counterpart of SU(2) x SU (3). For this reason, we follow 
the lines of Ref. [£5| to introduce the model 

C = \d^a + \d^d^ + \d^ X ~ V(a, 0, X ) 
+ iip^d^ + rrnpip — fcripip + \{<f) + x)^ (1) 

This model contains three real scalar fields that couple 
among themselves via the potential V{a, <f>, x)j which is 
introduced below. Also, there is a massive Dirac fermion 
ip that couples to the scalar fields via the Yukawa cou- 
plings fa-ipip and A(</> + x)^ — see Ref- @] f° r infor- 
mation on the behavior of fermions in the background of 
topological defects generated by real scalar fields. 



The potential is chosen to provide the standard spher- 
ical soliton star || with a network of domain walls on 
its surface. The sigma field has to give rise to the host 
domain wall, which should entrap the other two fields, 
which have to engender the Z3 symmetry. The model 
should be able to describe a spherical soliton star via 
the scalar field cr, by breaking its Z2 symmetry under 
the shift er-^er — (1/2) uq. to entrap the other two fields 
(</>, x) with a Z§ symmetry on its surface. We get to this 
model by considering the potential 
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Here a — and a — <j are the true and false vacua corre- 
sponding to the standard soliton star. 

The scenario for a soliton star to entrap a network 
of domain walls should constrain the symmetries of the 
potential. According to the Euler theorem, to tile the 
sphere with regular polygons of the same type we need (a) 
4, or (b) 8, or (c) 20 triangles, or (d) 6 squares, or yet (e) 
12 pentagons. These tiling show the cases where the poly- 
gons edges end in three-junctions (a, d, e), four-junctions 
(b) and five-junctions (c). These configurations are topo- 
logically equivalent to the five Platonic solids, respec- 
tively the tetrahedron {3,3}, octahedron {3,4}, icosa- 
hedron {3, 5}, cube {4,3} and dodecahedron {5,3}; see 
Refs. p3|p4| (here the notation {M, A}, stands for regu- 
lar M-gons and A-j unctions). In this sense we can use a 
potential with Zn symmetry between the fields <j) and x 
(that must inhabit the interior of the domain wall formed 
by the other field a) to describe locally A-junctions on 
the surface of a sphere |2^] (the soliton star surface). 
We have three possibilities of choosing A (A = 3,4,5), 
and we choose A = 3, that is, the Zj, symmetry. While 
this is the minimal possibility for the appearance of junc- 
tions, it is also the center of the SU(3) group, that is 
the group of the strong interactions. Another possibil- 
ity with the symmetry breaking Zj, —> Z2 was considered 
in [p5| in order to describe a tiling with 12 pentagons 
and 20 hexagons, that resembles the fullcrcne structure 
of 60 carbon atoms. The main mechanism for a domain 
wall to entrap a network of domain walls was explored in 
Ref. (^5|. The key point here is that, as we shall see, on 
the surface of the soliton star a ~ (l/2)cro, and at this 
place, the remaining fields (</>, x) develop nonzero v.e.v. 
(condensate) with three different phases that contribute 
to form domain wall three-junctions and then a network. 
We summarize this phenomenon as follows. 

We use the equations of motion to see that in the false 
and true vacua a = <7q an d a = 0, respectively, the fields 
(0, x) turn out to be zero. For scalar fields <p, x — an d 
fermion field ■0 = the theory ((l|)-(||) allows the field a 
to form a soliton solution. We note that such a solution 
can be found by using the following first order differential 
equation 
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da 

dR = ^ 



(T ) = W a 



(3) 



where W = /i(er 3 /3 — <j 2 <jq/2) can be seen as a superpo- 
tential that define the potential V(a, 0, 0) = (1/2) W* [£9) . 
The above Eq. (|^) can be integrated to give the solution 
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1 — tanh 



fj,a (R- R ) 



(4) 



This solution shows that at the surface (R ~ i?o) the a 
field goes to (l/2)cr - It represents approximately pj| 
a spherical wall (the soliton star surface) with surface 
tension f29| 



t h ~\W(a o )-W(0)\ = ^ t ia o i . 



(5) 



In the regime of a ~ (l/2)(To the remaining scalar 
fields (</>, x) engender Z3 symmetry, and describe three- 
junctions of domain walls which allow the formation of 
a network [p4| . In the thin wall approximation each seg- 
ment of the network can be represented by a domain wall 
(kink) solution of the explicit form 



V 4 

3 l~27 
X — — Votanh \ — A(z — zq) 



(6) 



The other segments are obtained by rotating the ((f>, x) 
plane by 120° and 240° degrees, respectively. Below we 
shall investigate how the domain wall segments in the 
network may have normalizable fermionic zero modes. 
The issue of whether or not we have normalizable zero 
modes on the junction, (in |ff6[| it was found nonnormaliz- 
able zero mode on BPS junctions, in the supersymmetric 
context), does not affect our discussion since the junction 
here is itself an approximately zero dimensional object, 
and then with a negligible fermi gas if fermions may bind 
to it. 



A. Neutral Network on Fermion Soliton Stars 

The spherical wall described by the a field is a non- 
topological soliton. Thus it requires a conserved Noether 
charge of bosonic and/or fermionic origin to stabilize it. 
According to the model used in this paper, we are choos- 
ing fermionic charges to stabilize the soliton star. The 
soliton star is then a fermionic soliton star. 

In this case, in the false vacuum <jq the mass of the 
fermion field goes effectively to zero if we assume 



to = 



(7) 



The soliton star becomes stable due to a three dimen- 
sional fermi gas pressure (See, e.g., Ref. fl7j , [4"8f for a sim- 
ilar discussion in the context of fermi balls) . This is the 



scenario of the standard non-topological structure called 
fermion soliton star Q] (similar studies for scalar soliton 
stars were considered in [^|), and now we have to con- 
sider the effects of the other two fields cf> and x we have 
already introduced in the model. 

Regardless of the type of network that inhabit the soli- 
ton star, in general the total energy of the system is 
E = E n + E s + Ek, which will be given below. Since 
we are assuming that the fermions are in the interior 
of a spherical false vacuum of radius R in (3,1) space- 
time dimensions, then the kinetic energy of the confined 
fermions is 



E k = ^ 



r: 



5/2 



^1/3^/3 



(8) 



where N is the fermion number. The surface of the soli- 
ton star contains the surface energy 



E, = uR 1 



(9) 



where th is the surface tension of the soliton star. Finally, 
the energy of the nested network is 



E n =0R, P = n£t n 



(10) 



where n and £R = d are the number and length of the 
segments in the network, t n = (27/8) a/3/2A is the tension 
of each segment |^,^5|, and £ is a real constant. The 
total energy is therefore 



E = aR l 



(id 



We minimize this energy ( |ll| ) by using 8E/dR = 0, which 
allows obtaining the critical radius 



ba 



A i/a 



where 

A = MQa 2 - (3 3 + 6v / 3v'Q(27Qa 2 - f3 3 )a 



(12) 



(13) 



We notice that in this scenario Q turns out to have a 
lower bound, in order for a critical radius to exist. It is 
given by 



(14) 



which is non vanishing for /3^0. In the limit of large iV 
the total energy of the configuration is 



E - aRi 



2/3 



AT8/9 



(15) 



We note that the exponent of N is lesser than unit. This 
means that for large the energy of the soliton is al- 
ways lesser than the energy of the free particles, thus 
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the stability of the soliton star is ensured. This is the 
same limit obtained in H||. We conclude that a neutral 
network does not contribute in the large ./V limit. 

Let us now consider the network contribution to the 
cold matter upper mass limit M c in this scenario. Wc 
may estimate such a limit by simply equating the radius 
( |l2| ) to Schwarzschild radius R S = 2GM. First of all, we 
note that the minimum of the energy ( |l l| ) at the critical 



radius fll2| ) is the soliton mass M — 3ai?Q + 2(3 R , where 
we have written the charge Q in terms of Rq, that is, 
Q = (2R a + (3)Rq. Now we make Rq~R s , which leads 
to 



Mr. 



+ 4/3G A 
G 2 J 



1 

(48^t /l G 2 )- 1 + [12 7 r(^/t n )G]- 1 K) 



(16) 



where n, £ are numbers inherent to the type of network 
one is considering. They contribute to higher excitations 
due to the network at the surface of the soliton star. 
Notice that for n = (no network) M c reduces to the 
first term ("the fundamental state") which is the same 
result found in Ref. j| . Since for n ^ the last term is 
positive we conclude that the network raises the standard 
value of M c and then yields heavier soliton stars. For a 
typical energy scale of the order of GeV and A = fi = 1 
we find the values for the tensions th = (l/6)(30 GeV) 3 
and i n = 6y / 3~72(3/4) 2 (GeV) 2 (here we have chosen cr = 



30 GeV). Now using the fact that v G = l p ~ 
(the Planck length) and M© ~ 10 33 g we find 



10 



-33 



cm 



(30GeVr J Zp 4 + (30 GeVr^K) 
(10 15 + 10~ 23 )M Q 



(17) 



Here we have dropped the factor n£ in the last step, since 
it can change the mass of the soliton star at most for two 
orders of magnitude. This is because max(n) = 30 (i.e., 
the dodecahedron {5,3} case) and max{S) — 2-K (i.e., the 
largest arc on the sphere) . This result allows to conclude 
that in this model the network raises slightly the mass of 
the standard soliton star. The radius size of this object 
for cr = 30GeV is R ~ 10 2 light years. 



III. FERMION ZERO MODES ON THE 
NETWORK 

In this section we discuss how to adjust the parameters 
in our model in a way such that the fermions prefer to 
migrate from the false vacuum to the network. It is per- 
fectly possible that the effective fermion mass inside the 
network which, in turn, is at the surface of the soliton 
star, goes to zero if we assume the fine tuning 



fa s - Xv s = 



(18) 



where a s = (1/2)<t is the value of the a field at the surface 
of the soliton star, and v s = 3/4 is the norm of the vector 
field ((j>, x) inside the network. 



The way we couple fermions to the fields (<fi, x) in the 
model (|])-(||) is standard, although it does not preserve 
the Z 3 symmetry that governs the (0, x) portion of the 
model, which allows the formation of a regular network of 
domain walls as shown in Ref. |24|] . With the alternative 
coupling A%(x 2 — 3<j> 2 )ip'ip , the Z% symmetry should be 
preserved, but in this case nonnormalizable zero modes 
like ip(z) = exp (±Gsech 2 z)e±, with m = (l/2)/er (G 
is a real constant.) would be present. Similar conclu- 
sions were found in ]4q| . There, one has found that an 
object preserving the Z3 symmetry (BPS junctions, in 
global supersymmetry) gets nonnormalizable zero modes 
as well. 

The effective fermion mass given in terms of the back- 
ground solution (^) confined to the surface of the soliton 
star can be written as 



M F (z) = m-^fa 



-IjU 



1 — V3 tanh \ — A(i 



(19) 



In the above equation we see that Mp(zo) recovers the 
left hand side of Eq. ([l8]) , allowing to conclude that the 
effective fermion mass Mp(z) goes to zero inside the net- 
work. This means that the fermions prefer to live inside 
the network (z ~ zq) rather than in the false vacuum 
(j = (To- The fermionic zero mode inside the network is 
described by 

ip(z) = e lx "P» exp (± M F (x)dx\ e± 



^75 



cosh y — X(z — zq) 



(20) 



Here we have used -f^p^tp = and -f z e — ±ie± to solve 
the Dirac equation for the zero mode (v = 0, 1 is the 
tangent frame. Also, z is the coordinate transverse to 
each domain wall at the surface of the soliton star and 
e± is a constant 2-spinor.) From Eq. (|l8|), we see that the 
second exponential factor in fl20| ) docs not contribute to 
the zero mode. Finally we find that the only normalizable 
zero mode is 



cosh y — X(z — z ) 



(21) 



This shows that there are localized chiral fermion zero 
modes Jl2| , p2| , ^8|j49| into each domain wall segment of the 
network. In other words, there are localized massless 
fermions only on the network. 



A. Charged Network on Neutral Soliton Stars 

Now we are ready to present another scenario. Let 
us suppose that all the fermions feel an attractive strong 
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force so that they are forced somehow to migrate from the 
false vacuum to the nested network on the surface of the 
soliton star. This is exactly what is experienced by the 
fcrmion zero modes that we have just treated. In this case 
we should replace the former tridimensional fermi gas 
by another Fermi gas, approximately one-dimensional, 
which spreads along the network conserving the fcrmion 
number N. Thus, all we have to do in the investigation 
done in the former Sec. II A is to replace Eq. ( |i"l"| ) by 



E = aR 2 + + 1, 
R 



7 : 



ttN 2 



(22) 



where we have used the expression for one-dimensional 
fermi gas [[L2| 



E 



nN 2 



(23) 



where L = d = £R is the length of the segments in the 
network. In the large N limit we can also use ( |l5| ) to 
obtain 



E 



aR 2 



\2aJ 



2/3 



N 4 ' 3 



(24) 



where we have set Q — ► 7. Now, since the exponent of 
N is greater than unit, the energy of the soliton for large 
N is always larger than the energy of the free particles 
and then the stability of the soliton star is not ensured 
anymore. 



IV. CONCLUSIONS 



Thus for T s sufficiently larger than T n the soliton star can 
start its formation process by collapsing, approaching to 
the Schwarzschild radius before the strong force due to 
the fermionic zero mode of the network acts. If the net- 
work appears later, it will be "frozen" together with the 
other constituents of the soliton star due to a strong grav- 
itational force, leading to the scenario of Sec. II A. On 
the other hand, if T, 
described in Sec 



T n one may induce the scenario 
[II A. In this scenario, if we consider 



that the soliton star may form cosmic objects, we see 
that the more the soliton star has the experience [II A 



the less these cosmic objects are formed in the universe. 

The new objects that spring in the present work may 
be of particular interest to astrophysical and cosmological 
applications, as for instance in the recent investigations 
introduced in Refs. |],|2^,Q. Furthermore, these objects 
provide alternative routes to the Fermi balls examined 
in Refs. |47],|^], and as such they may furnish distinct 
view of the scenario there discussed. Another line of in- 
vestigation may follow Ref . |5(J , where one examines the 
behavior of surface current-carrying domain walls, the 
current being of bosonic origin, which appears in a model 
engendering the U(l) x Z2 — > U(l) symmetry, with U(l) 
global. The model of Ref. p3| is inspired by the case of 
cosmic strings introduced in Ref. ]l4]. Our model pro- 
vides another possibility, where fermionic current may 
flow on the surface of a wall that hosts a network of do- 
main walls, so that we could ask how the presence of the 
nested network would contribute to change the fermionic 
behavior in the wall. Some of these issues are presently 
under consideration, and we hope to report on them in 
the near future. 



In this paper we have presented a model which can 
describe two totally different scenarios, described in 



Sec. II A and in Sec. Ill A. In the first scenario, although 



the neutral network slightly increases the cold matter 
upper mass limit of the standard soliton star, it imposes 
a new lower bound on the charge of the fermionic soli- 
ton star. In the second scenario, the entrapment of the 
Fermi gas inside the network changes significantly the 
behavior of the nontopological soliton, destabilizing the 
soliton star. In the equilibrium stage of the fermion mi- 
gration, the false vacuum gets neutral and the network 
gets charged with massless fermions. This res ult lea d us 
to the conclusion that in the scenario of Sec. HI A, the 



formation of a charged network at the surface of the soli- 
ton star can destabilize it. This is because the localized 
fermion zero modes on the network make it energetically 
favorable to the soliton star to decay into free particles. 
They can decay fast before the cold matter upper mass 
limit M c is achieved. These two scenarios can be thought 
of as two possible different experiences that a soliton star 
can suffer in the cosmological evolution. Suppose that the 
soliton star and the network appear at distinct critical 
temperatures T s and T n , respectively (see Ref. JlO| , for a 
study about critical temperature and defects formation.) 
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